Worksheet for Five.Il From Linear Algebra, by Hefferon

We consider the special case of linear transformations, maps where the domain and codomain are
equal, t: V — V. We further specialize to representations with respect to B, B and D, D.

t
Vw'r't B T> Vwrt B

T

t
Vw'rt D —/— Vwrt D
T

In matrix terms, we write this.

. 1
Repp p(t) = Repg p(id) - Repg g (t) - (Repp p (id))
T=pP.T.-P!

1. Consider the transformation t: P, — P, described by x2 — x+1, x — x> — 1, and 1 ~— 3.

a) What is t(3x? —2x —1)?

Solution: This basis is particularly easy to work with. Because t is a linear map, we have
this.

tBx2—2x—1)=3-t(x?)=2-t(x)—t(1)=3-(x—=1)=2-(x*=1)—(3) =—2x* +3x—4

b) Find T = Repg 5 (t) where B = (x%,x,1).

Solution: Because we describe t with the members of B, finding the matrix representation

is easy:
0 1 0
Repg (t(x7)) = | 1 Repg(t(x)) = | 0 Repg (t(1)) = | O
1 B —1 B 3 B
gives this.
0O 1 0
RepB’B(t) 1 0 0
1 -1 3

c) Find T = Repp p(t) where D = (1,1 +x,1 +x +x2).

Solution: We will find t(1), t(1+x), and t(1 4+ x + x?), to find how each is represented with
respect to D. We are given that t(1) = 3, and the other two are easy to see: t(1+x) =
t(1) +t(x) = x?>+2 and t(1 +x+x?) = x2 +x+ 3. By eye, we get the representation of




d)

each vector

Repp (t(1)) = Repp (t(1+x)) = | —1 Repp (t(1 +x+x%)) =

oS o W

D D

and thus the representation of the map.

3 2
0 1

— O N

Find the matrix P such that T = PTP!.

Solution: From the diagram
t
Vwrt B T> Vu/rt B

ile ile

t
Vwrt D ——— Vwrt D
T

1
1
1

0 -1

— O O
_—— O

1
1.0 Pl =
1 00

We can easily calculate P = Repg p(id), and P~ = Repp p(id) for that matter.




