Questions for Two.l.2 From Linear Algebra, by Hefferon

1. Consider this subset of the collection of all quadratic polynomials, P,.
S={px*+qx+re€Py|p+2q—1=0}

a) List two elements and two non-elements.

Solution: Here are two elements. They satisfy the requirement that the coefficient of x? plus
twice the coefficient of x minus the constant term equals zero.

X2 +2x+5 2?42

Here are two non-elements.
x> +2x—4  x+2

b) Show that it is closed under addition and also closed under scalar multiplication.

Solution: Fix V,w € S and take
¥ =vax? + vix +vo W = wax2 +wix +wo
where vy + 2vi —vg = 0 and wy + 2w —wg = 0. The sum of the two is
T+ = (v2 +w2) x>+ (vi +W1) - x + (vo +Wo)

and (vy +wa) +2(vi +wq) — (vo +wg) = (va2 +2vi —vp) + (W2 +2w7; —wg) = 0. Thus
V+w e S.
For closure under scalar multiplication, take r € IR. This is the scalar multiple of the vector.

W = 1(vax? + vix +vo) = (tv2) - X% + (tv1) - x + (1v0)

Because rv; +2rvi —1tvg =1 (v2 +2v1 —vp) = 0, the set S is closed under scalar multipli-
cation.

c) Show that it is closed under linear combinations of two elements.

Solution: Fix v = vyxZ +vi1x 4+ vo and W = wax? +w1x +wp, where v2 +2v; — vy = 0 and
Wi +2wy; —wo = 0. Let r,s € R. Then ™+ sw = (1v2)x2 + (rv1)x + (rvo) + (sw2)x2 +
(sw1)x + (swp), and that equals (rv2 + sw2)x? + (v 4+ swq)x + (v 4+ swp). Now, (rva +
swo) 4+ 2(rvy +swi) — (rvg + swg) equals (1vo + 2rvy —1vp) + (swo + 2swy — +swp) = 0,
so the linear combination is also a member of S.

2. Each of these is a subspace. Parametrize each to find a spanning set.



a) This is a subspace of P.

S1={pX?+qx+rePy|p+2q—1=0}

Solution: Consider p +2q —r = 0 to be a linear system with one equation. Then writing
the leading variables in terms of those that are free gives p = —2q + r. We have

S1={(-2q+7)-x*+q-x+7|q,reR}

={(-2x*4+x) - q+(x?+1)-1]q,7r € R}

The spanning set has two elements, {—2x% +x,x% +1}.

b) This is a subspace of Myy,.

sg:{(i1 Z) la—2b=0and 2¢ +d = 0)

Solution: The restrictions make a linear system.

a—2b =0
2c+d=0

Writing its leading variables in terms of its free variables gives a = 2b and ¢ = (—1/2)d.

2b b
52={<_d/2 d) |b,d € R}

21 0 0
={<O O)-b+<_1/2 1)-d|b,de]R}
21 0 0
{<o o)’(-vz 1>}

Here is a spanning set.

c) This is a subspace of R3.

Sz3={|y||2x—z=0}



Solution: Here also, consider the restriction 2x —z = 0 to be a one-equation linear system,
to get that x = (1/2)z. But don’t miss that also free is y.

z/2
S3={|l vy |lyzeR}
z
0 1/2
={|1|-y+| 0 | -zly,ze R}
)

With that, a spanning set is this.

0 1/2
{{r{.{ o[
0 1
d) Another subspace of R3.
X
Sa={ly|Ix+y—z=0and 2x+2y =0}
z

Solution: Finally, a linear system that requires some of Gauss’s method.

x+ y—z=0 —zﬂ;pz x+y— z=0

2x + 2y =0 22=0
Conclusion: leading are x and z, while y is free. The restriction is that x = —y and z = 0.
Sa={ly [lyeR}={| 1 | -ylyeR}
0 0

This set is a line through the origin. This is a spanning set.




