Worksheet for Two.II1.2 (part two) From Linear Algebra, by Hefferon

1. Find the dimension of each space.

a) Vi :{(S 2) la—b+c=0and a—2c =0}

Solution: We need a basis. For a spanning set we parametrize.

a—b+ ¢c=0 7gﬁ>p2 a—b+ ¢c=0
a —2c¢=0 b—3c=0
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Because it only has one element, and that element is not the zero element, this set is linearly
independent. So it is a basis. The dimension is the number of elements in that basis, one.

We get b = 3c and a = 2c.

The spanning set is this.

a
b) Vo ={[b|la—b+3c=0}
c

Solution: We have this.

b—3c 1 -3
Vy; ={ b |b,ce R}={|1] -b+] 0 | -clb,ceR}
c 0 1
So this is a spanning set.
1 -3
B={[1|,] 0 |}
0 1

To verify that it is linearly independent, set up a relationship.

1 -3
ci|1]+c2] 0] =
0 1
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Looking at the second and third components shows that the only solution is the trivial one.
So the set B is a basis and the dimension is 2.

a
c)Vz={|b||la—b+3c=0and 2a—c =0}
c

Solution: Reduce the linear system.

a—b+3c=0 —Zﬁp-i—z a— b+3c=0
2a — c¢=0 2b—7¢=0

That leads to b = (7/2)c and a = (1/2)c. We have this.

(1/2)c 1/2
Vs={|(7/2)c| |lceR}={]|7/2]| -clceR}
c 1
This is the spanning set.
1/2
{|7/2 |}

1

Because it only has one (non-zero) element, it is linearly independent, and so is a basis.
The dimension is 1.

a
d)Vy={|b||la—b+3c=0and 2a—c=0and a+b—4c =0}
c

Solution: The linear reduction gives this.

a—b+3c=0 R a— b+3c=0 a— b+3c=0
2 —e=0 PR p-7e=0 "M 2b-7c=0
a+b—dc=0 % 2b—7c=0 0=0

We are back to the prior part. The basis is

1/2
{17/2]}
1

and the dimension is 1.




