Worksheet for Three.V (part 1) From Linear Algebra, by Hefferon

1. Consider v € P, given by V = x* + 2x + 3.

a) Represent this vector with respect to B = (1 —x, 14+ x +x2,x?).

Solution: To find the coefficients in this equation.
X2 +2x+3=ci1-(1=x)+c2-(1+x+x%)+c3- (x?)
we can do Gauss’s method on this linear system.
c1+c2 =3 c1+ ¢2 =3
—C1+C2 =2 p1_+(>)z 2co =5
C2+C3:] C2—|—C3:]
' c1+ c2 = 3
(— /£>2+93 2¢, _ 5
C3 = —3/2
We get this.
1/2
Repg (V) = | 5/2
—3/2

b) Represent it with respect to D = (1 +x?,1+x,1).

Solution: From
x>+ 2x+3=ci-(14+x¥)+ca-(14+x)+c3-(1)

by eye the equation of x2’s gives c¢; = 1, the equation of x’s gives ¢, = 2, and then from

the equation of constants ¢y + ¢2 + c3 = 3 we have c3 = 0.

Repp (V) =

o N =

c) Represent B’s basis vectors [§ 1 gz, and 63 with respect to D.

Solution: For RepD(ﬁ1 ), solve this.
T—x=cy-(T4+x*)+c2-(14+x)+c3-(1)

By eye we get ¢c1 =0,cy; =1, and c3 = 2.
0
Repp(1—x) = | —1
2

7




For RepD(ﬁz), solve this.
T+x+x2=ci-(1+x2)+ca-(1+x)+c3-(1)
By eye,c1=1,c2=1,and c3 =—1.

1
Repp (14+x+x%) = | 1
—1
Finally, for Repp (B2)

x2:c1 -(1+x2)—|—c2-(1—|—x)+03-(1)

we get this.

d) Find the change of basis matrix Repg p(id)

Solution: To find the matrix representing any map, not just the identity, we first determine
what the map does to the basis vectors in the domain. In this case we have this.

- id o~ 9+ id 5 5 id 5
BiV——=PB1 B2 B2 B3+ B3
Next, represent those outputs with respect to the basis vectors in the codomain, the output

space. We did this work in the prior item.

0 1 1
Repp(1—x) = | —1 Repp (1 +x+x2) =1 1 Repp (x
2 —1 —1

Then the answer puts the columns together.

Repgp(id)=|—-1 1 0

e) Use it to convert Repg (V) to Repp (V).



Solution: Do the matrix vector multiplication.

0 1 1 1/2 1
Repp p(id)Repg (V) = | =1 1 0 5/2 | = 2| =Repp((V)
2 -1 -1 —3/2 0

2. Find the change of basis matrix to convert from representations with respect to the first basis
to representations with respect to the second.

()6 60

Solution: First,

gives this.

Repp (B1) = (Yf)
2\ (o -
o)~ \a) T2\

Repp (B2) = (1_/22>

So the change of basis matrix is this.

In addition,

gives this.

Repp p (id) = (1_/]2 1_/22>

3. Which of these matrices could be change of basis matrices?

12
g

Solution: This matrix is nonsingular, for instance since Gauss’s method gives an echelon

form matrix without any zero rows. So it could be used to change bases.
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Solution: This matrix is singular; Gauss’s method gives an echelon form matrix with a zero
row. So it could not be used as a change of basis matrix.




