Worksheet for Two.IIl.1 From Linear Algebra, by Hefferon

1. For each space, find a basis. Verify that it is a basis.
a) S1={ax? +bx+cla—c=0}

X

b) S, ={|y|Ix+2y=0and x+y—2z=0}
z
Solution:

a) We have S; = {cx? +bx+c|b,c € R}. That equals {c-(x' +1)+b-(x)|b,c € R}. A
spanning set is {x? +1,x}.

It is linearly independent because the relationship
co(x>+1)+c¢q(x) =0x>+0x+0
gives that co = cy = 0. Thus it is a basis for S;.

b) The two restrictions give this linear system.

X+ 2y =0 —pit+p2 X+ 2y =0
—
X+ y—z=0 —y—z=0
Leading are x and y. Free is z. Expressing the leading variables in terms of the free variable
gives this.
2z 2
So={|—=z|lzeR}={|-1]| -z|lze R}
z 1
So this is a spanning set.
2
{{-1|
1

To check that this set is a basis, we need only check that it is linearly independent. A set
with only one vector is linearly independent unless that single vector is the zero vector,
which this one isn't. So it is a basis.

2. For the vector space
V={ax?+bx+c|la—c=0}

this set is a basis.
B={x2+1,x}

a) Where ¥ = 3x2 + 2x + 3, find Repg (V).
b) Find Repg (—x? +4x —1).



Solution:

a) We find what coefficients there are in this relationship.
32+ 2x+3=cq-(x+2+1)+ca(x)

Obviously, ¢c; = 3 and ¢, = 2 work here.

Repy (¥) = (i)

b) We find what coefficients there are in this relationship.

—x24+4x—1=ci-(x+2+1)+ca(x)

Rwﬂﬂz(j)

By eye, ¢c1 = —1 and ¢, = 4.

3. This is a basis for the xy plane.

() )

a) Draw the plane, and plot the basis vectors. Also draw the line through each.

b) Draw
"6

and find Repg (V7). Label vy with the signs of the coefficients, such as “+,+" or “+, —".

Solution: From

)=+ 5) =0

we can see by eye that c; =2 and ¢, = 1/2.




c) Do the same for

Solution: Again by eye, we have

d) Repeat for

Solution: We have

Repy (v3) = (:;) Repp (7)) = ( _32)

Overall, this basis for the plane defines a coordinate system.
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