Homework, MA 213 Due: 2014-Oct-24

You may work with others to figure out how to do questions, and you are welcome to look for
answers in the book, online, by talking to someone who had the course before, etc. However, you
must write the answers on your own. You must also show your work (you may, of course, quote

any result from the book).
1. Verify that each map is a homomorphism.

(a) h: P3 — R? given by

az? + bx +c— (a—l—b)
a+c

This verifies that it preserves linear combinations.

h(di(a12? + bix + ¢1) + do(agz® + bz + ¢2) ) = h((diay + daag)z? + (diby + dobo)x + (dycy + dacy))

_ ((d1a1 + daaz) + (dib1 + d252)>
(d1a1 =+ dgag) + (d101 + d202)

_ (drar +diby daag + dabo
dray + dicy daag + daco

a1 + b1 as + by
=d d
! (al + Cl) + a2 (az + CQ>
=d - h(a1x2 +biz+c1)+da- h(a2x2 + box + ¢2)

(b) f: R? — R3 given by
0

) (-

3y
This verifies that the map perserves linear combinations.
f(al (IL’1> + as <x2> ) _ f( <a1x1 + a2x2> )
hn Y2 aiy1 + azy2
0

= | (@171 + a2wa) — (@191 + a2y2)
3(a1y1 + a2y2)

0 0
=a1 |x1—y1 ]| +az | x2—9y2
3 3y2

—af (1)) + ar((22))

2. For each map in the prior question, describe the range space and find the rank of the map.

(a) The range of h is all of the codomain R? because given

()

it is the image under h of the domain vector 0z2 + bz + ¢. So the rank of h is 2.



(b) The range is the yz plane. Any
0
a
b

is the image under f of this domain vector.
a+b/3
b/3
3. Verify that this map is an isomorphism: h: R* — Moy given by

Hca—kd
b d

We first verify that h is one-to-one. To do this we will show that h(7;) = h(¥2) implies that
U1 = Uy. So assume that

So the rank of the map is 2.

QL O oL

al a9
- b b -
hin) = h([ o [)=h(| 2 [) = hi)
dy do

which gives
C1 al—l—dl . Co a2+d2
by dq -~ \b2 do
from which we conclude that ¢; = co (by the upper-left entries), by = be (by the lower-left

entries), di = dg (by the lower-right entries), and with this last we get a; = ag (by the upper
right). Therefore ¥} = s.

Next we will show that the map is onto, that every member of the codomain Moye is the
image of some four-tall member of the domain. So, given

117=<m n>€M2x2
P q

observe that it is the image of this domain vector.

n—q
p
m

q

<L
I



To finish we verify that the map preserves linear combinations.

al as ria; + reas
by by r1b1 + 12b2
h(ry - . =h
(r C1 o C2 ) ( ric1 + roco )

d; do ridy + rods
__[r1ic1 +Trace (T1a1 + 7‘2612) + (T1d1 + ’r’ng)
o r1b1 + 1r9b9y ridi + rods
. c1 a1+ dp T co  as + do
T A 2\by s

aj ag

- b1 bo
=11 I o )+ 12 I o )

dy d



