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Definition



Homomorphism

Definition A function between vector spaces h: V — W that preserves
addition

if V4,V, € V then h(Vy +V,) = h(V) + h(V2)
and scalar multiplication
if veVandreRthen h(r-v) =1-h(V)

is a homomorphism or linear map.



Ezample Of these two maps h, g: R? — R, the first is a homomorphism
while the second is not.

X h X g
—2x—3 ()|—>2X—3 +1
<U> Y Yy Y



Ezample Of these two maps h, g: R? — R, the first is a homomorphism
while the second is not.

X h X g
—2x—3 ()|—>2X—3 +1
<U> Y Yy Y

The map h respects addition

X1 X2 - X]+X2 - -
h(<y]) + (yz)) _h(<y1 +yz>) =2(x1 +%2) —3(y1 +y2)

_ (21 —3y1) + (2% — 3y2) = h( ("‘)) h( ("2>)
Yi Y2

and scalar multiplication.

T-h((lj)):r~(2x—3y):er—3ry:(2r)x—(3r)y:h(r~ <;>)



Ezample Of these two maps h, g: R? — R, the first is a homomorphism

while the second is not.
<;>»L>2x73y Cj)li>2xf3y+1

The map h respects addition

X1 X2 - X]+X2 - -
h(<y]) + (yz)) _h(<y1 +yz>) =2(x1 +%2) —3(y1 +y2)

_ (21 —3y1) + (2% — 3y2) = h( ("‘)) h( ("2>)

Y1

and scalar multiplication.

T-h((x)):r~(2x—3y):er—3ry:(2r)x—(3r)y:h(r~<

Y

In contrast, g does not respect addition.

9(@ T @J — 17 g((l)Hg((”Z)) 16

Y2

x>)
Yy



We proved these two while studying isomorphisms.
Lemma A linear map sends the zero vector to the zero vector.
Lemma The following are equivalent for any map f: V — W between vector
spaces.
(1) f is a homomorphism
(2) f(cy - Vi 4+ca-Va)=cy-f(V1) +cz (V) for any cy,c, € R and

\_)‘],\_)‘2 eV
(3) fler-Vi+---4cn-Vn) =c1-f(V1) + -+ cn - f(Vn) for any
Cly...yCn € Rand vq,...,V,, €V

To verify that a map is a homomorphism, we most often use (2).



We proved these two while studying isomorphisms.
Lemma A linear map sends the zero vector to the zero vector.
Lemma The following are equivalent for any map f: V — W between vector
spaces.
(1) f is a homomorphism
(2) f(cy - Vi 4+ca-Va)=cy-f(V1) +cz (V) for any cy,c, € R and

\_)‘],\_)‘2 eV
(3) fler-Vi+---4cn-Vn) =c1-f(V1) + -+ cn - f(Vn) for any
Cly...yCn € Rand vq,...,V,, €V

To verify that a map is a homomorphism, we most often use (2).
Ezample Between any two vector spaces the zero map
Z:V — W given by Z(v ) = GW is a linear map. Using (2):
Z(civi + cava) = Ow = Ow + Ow = ¢1 Z(¥1) + c2Z(v2).



Ezample The inclusion map 1: R> - R3

is a homomorphism.

teq - (X

Y1

C1X71 +C2X2
= )
ciyr +C2y2

C1X1 + C2X2
C1ys +c2y2

0

C1Xq Ca2X2
ciyr | + | c2yz2
0 0
cr -y (X

Y

]
1

))+02'L(<X2))
Y2



Ezxample The derivative is a transformation on polynomial spaces. For
instance, consider d/dx: P, — P; given by

d/dx (ax®> +bx+¢c) =2ax+b

(examples are d/dx (3x* —2x +4) = 6x — 2 and d/dx (x? + 1) = 2x).
It is a homomorphism.

d/dx (t1(a1x® + bix+cy) + r2(axx® + bax 4 ¢2))
=d/dx ((r1a; +m2a2)x* + (11b7 +12b2)x + (1101 +12¢2))
=2(r1ay +m2a2)x + (b +12b3)
= (2ria;x +11by) + (2Zraaxx + m2by)
=1y -d/dx (a1x* + bix+¢1) + 12 - d/dx (a,x* 4+ bax +¢3)



Ezample The trace of a square matrix is the sum down the upper-left to
lower-right diagonal. Thus Tr: M., — R is this.

Tr((z z)):a+d

It is linear.

b b
i (&0 ) e (23
Ty (T‘1 a; +12a; T1by +T2bz)
Ticr + 1202 Tidy +712d;

= (ma; +1202) + (r1dy +12d2)
m(ay +di) +12(az +dz)

. a; by a; by
_‘r].Tr((C] d1))+rz.m<cz d2>)



Theorem A homomorphism is determined by its action on a basis: if V is

a vector space with basis <€1,...,6n>, if W is a vector space, and if
Wiy...,Wn € W (these codomain elements need not be distinct) then there

exists a homomorphism from V to W sending each Ei to w;, and that

homomorphism is unique.



Theorem A homomorphism is determined by its action on a basis: if V is
a vector space with basis <€1,...,6n>, if W is a vector space, and if
Wiy...,Wn € W (these codomain elements need not be distinct) then there
exists a homomorphism from V to W sending each Ei to w;, and that
homomorphism is unique.

Proof For any input V € V let its expression with respect to the basis be
V=0 ﬁl 4+ +cn ﬁn. Define the associated output by using the same
coordinates h(V) = c¢;w; + -+ - + ¢ Wy. This is well defined because, with
respect to the basis, the representation of each domain vector V is unique.



Theorem A homomorphism is determined by its action on a basis: if V is
a vector space with basis <€1,...,6n>, if W is a vector space, and if
Wiy...,Wn € W (these codomain elements need not be distinct) then there
exists a homomorphism from V to W sending each Ei to w;, and that
homomorphism is unique.
Proof For any input V € V let its expression with respect to the basis be
V=0 ﬁl 4+ +cn ﬁn. Define the associated output by using the same
coordinates h(V) = c¢;w; + -+ - + ¢ Wy. This is well defined because, with
respect to the basis, the representation of each domain vector V is unique.
This map is a homomorphism because it preserves linear combinations:
where vi = ¢y [§] 4+ 4 Cn[gn and v; = d; [51 4+ dnﬁn, here is the
calculation.

h(ri¥h +712V2) = h((ricy +12d1)B1 + -+ (T1cn +12d0)Bn )
= (ricr +12di )Wy 4o+ (110 + T2d0 )W

=T h(\j] ) + 1‘2}1(\72)



This map is unique because if h: V — W is another homomorphism
satisfying that ﬁ(ﬁi) = w; for each i then h and h have the same effect on
all of the vectors in the domain.

PN

R(V) =R(ciBr + -+ cnBn) = c1h(B1) + -+ + cah(Bn)

:C]W] +"'+ann :h(\j)

They have the same action so they are the same function. QED



This map is unique because if h: V — W is another homomorphism
satisfying that ﬁ(ﬁi) = w; for each i then h and h have the same effect on
all of the vectors in the domain.

PN

R(V) =R(ciBr + -+ cnBn) = c1h(B1) + -+ + cah(Bn)

:C]W] +"'+ann :h(\j)

They have the same action so they are the same function. QED
Definition  Let V and W be vector spaces and let B = (51 yeous ﬁn) be a
basis for V. A function defined on that basis f: B — W is extended linearly
to a function f: V — W if for all ¥ € V such that ¥ =c¢; B + - + cnPn, the
action of the map is f(¥) = ¢y - f(f1) + -+ cn - F(Bn).



Ezample Consider the action tg: R? — R? of rotating all vectors in the
plane through an angle ®. These drawings show that this map satisfies the

addition

tr/e
—

V2 Lo
E _» V] +V)
Vi

and scalar multiplication conditions.

1.5V
.\‘)’

We will develop the formula for tg.

-
Ia
~
(2}

te (V1 +V2)
te(V2)
te (V1)
to(1.5-7)
to (V)



Fix a basis for the domain R?; the standard basis &, is convenient. We
want the basis vectors mapped as here.

N e 04 0=

sin©®



Fix a basis for the domain R?; the standard basis &, is convenient. We
want the basis vectors mapped as here.

(=) (=) (o)~ (a) ()~ ()

Extend linearly.

1 0
wl(3) =totx- (g) +u- (}))
—xtal (g )yl (D))
_ cos 6 —sin©
- (sine) Y ( cos 0 )

_ (xcos0—ysin0
" \xsin®+ycos0



Ezample One basis of the space of quadratic polynomials P, is
B = (x?,x,1). Define the evaluation map eval;: P, — R by specifying its
action on that basis

2T e Ty 9y
and then extending linearly.

evals(ax? 4+ bx +¢) = a-evalz(x?) + b - evalz(x) + ¢ - evalz (1)

=%a+3b+c

For instance, eval3 (x> +2x+3) =9 +6+3 =18.



Ezample One basis of the space of quadratic polynomials P, is
B = (x?,x,1). Define the evaluation map eval;: P, — R by specifying its
action on that basis

2T e Ty 9y
and then extending linearly.

evals(ax? 4+ bx +¢) = a-evalz(x?) + b - evalz(x) + ¢ - evalz (1)

=%a+3b+c

For instance, eval3 (x> +2x+3) =9 +6+3 =18.

On the basis elements, we can describe the action of this map as:
plugging the value 3 in for x. That remains true when we extend linearly,
so eval;(p(x)) =p(3).



Definition A linear map from a space into itself t: V — V is a linear
transformation.



Definition A linear map from a space into itself t: V — V is a linear
transformation.

Ezxample For any vector space V the identity map id: V — V given by
V — V is a linear transformation. The check is easy.



Definition A linear map from a space into itself t: V — V is a linear
transformation.

Ezxample For any vector space V the identity map id: V — V given by
V — V is a linear transformation. The check is easy.

Ezample In R3 the function fy. that reflects vectors over the yz-plane

X —X
fyz
y|—
z z
is a linear transformation.
X1 X2 T1X1 +T2X2 —(r1x1 +12%2)
fyz(ri lyr | +m2{v2 ) =Ffy([ iy +m2u2 | )= My +12u2
Z1 Zy T1Z1 + 71222 TZ1 + 71222
—Xq —X2 X1 X2

=11 |y |+ y2 | =mfy({yr |) Fr2fy({yz ])
Z1 Z2 Z1 Z2



Lemma For vector spaces V and W, the set of linear functions from V to
W is itself a vector space, a subspace of the space of all functions from V to
W.

We denote the space of linear maps from V to W by £(V,W).



Lemma For vector spaces V and W, the set of linear functions from V to
W is itself a vector space, a subspace of the space of all functions from V to
W.

We denote the space of linear maps from V to W by £(V,W).

Proof This set is non-empty because it contains the zero homomorphism.
So to show that it is a subspace we need only check that it is closed under
the operations. Let f,g: V — W be linear. Then the operation of function
addition is preserved

(f+ g)(c1\71 +Czﬁ2) = f(C1\71 +C2\72) + 9(C1\7] +C2\72)
= c1f(Vi) + c2f(V2) + e1g(V1) + c2g(V2)
=ci(f+9) (W) +ea(f+9) (W)

as is the operation of scalar multiplication of a function.

(r-f)(c1Vi + caVa) = 1(ci f(V1) + c2f(V2))

=ci(r-F)(¥) +calr-)(V2)

Hence £(V, W) is a subspace. QED



Ezample Consider £(R,R?). A member of £(R,R?) is a linear map. A
linear map is determined by its action on a basis of the domain space. Fix

Br =& = (1) BR2:822<(;)»(?)>

Thus the functions that are elements of £(IR,R?) are determined by c; and

Co heIe.
l —C ] +c
! 0 2 1

We could write each such map as h = h,, .,. There are two parameters and
thus £(R,R?) is a dimension 2 space.

these bases.



Range space and null space



Lemma  Under a homomorphism, the image of any subspace of the
domain is a subspace of the codomain. In particular, the image of the entire
space, the range of the homomorphism, is a subspace of the codomain.



Lemma  Under a homomorphism, the image of any subspace of the
domain is a subspace of the codomain. In particular, the image of the entire
space, the range of the homomorphism, is a subspace of the codomain.
Proof Let h: V — W be linear and let S be a subspace of the

domain V. The image h(S) is a subset of the codomain W, which is
nonempty because S is nonempty. Thus, to show that h(S) is a

subspace of W we need only show that it is closed under linear
combinations of two vectors. If h(§}) and h(5,) are members of h(S) then
c1-h(s1)+cz2-h(s2) =h(cy-S7)+h(cz-82) =h(cy-87 +c¢c2-853) is also a
member of h(S) because it is the image of ¢y - §7 + ¢, - 8> from S. QED



Ezample Let f: R? — My, be

ay, r, (e «a +b
b 2b b
(the check that it is a homomorphism is routine). One subspace of the

domain is the x axis.
S={ (g) |a € R}

The image under f of the x axis is a subspace of of the codomain My;.

f(s):{(g g) laeR}



Ezample Let f: R? — My, be

OEICE

(the check that it is a homomorphism is routine). One subspace of the

S:{(g)laeR}

The image under f of the x axis is a subspace of of the codomain My;.

domain is the x axis.

f(s):{(g g) laeR}

Another subspace of R? is R? itself. The image of R? under f is this
subspace of My .

@) =((y o)e+(y ) alaack



Ezample For any angle 0, the function to: R? — R? that rotates vectors
counterclockwise through an angle 6 is a homomorphism.

In the domain R? each line through the origin is a subspace. The image
of that line under this map is another line through the origin, a subspace of
the codomain R2.



Range space
Definition  The range space of a homomorphism h: V — W is
Zh) ={h(V) |veV}

sometimes denoted h(V). The dimension of the range space is the map’s
rank.



Range space
Definition  The range space of a homomorphism h: V — W is
Zh) ={h(V) |veV}

sometimes denoted h(V). The dimension of the range space is the map’s
rank.

Ezample This map from My, to R? is linear.

a b N a+b
c d 2a+2b

The range space is a line through the origin.

t
{(zt)‘tER}

Every member of that set is the image of a 2x 2 matrix.

BRI

The map’s rank is 1.



Ezample The derivative map d/dx: P4 — P4 is linear. Its range is
Z(d/dx) = P;. (Verifying that every member of P; is the derivative of
some member of P, is easy.) The rank of this derivative function is the
dimension of Pz, namely 4.



Ezample The derivative map d/dx: P4 — P4 is linear. Its range is
Z(d/dx) = P;. (Verifying that every member of P; is the derivative of
some member of P, is easy.) The rank of this derivative function is the
dimension of Pz, namely 4.

Ezample Projection m: R3 — R?

a = ()

is a linear map; the check is routine. The range space is Z(m) = R? because
given a vector w € R?

L fa

= ()

we can find a v € R® that maps to it, specifically any v with a first
component a and second component b. Thus the rank of 7t is 2.



Ezample The derivative map d/dx: P4 — P4 is linear. Its range is
Z(d/dx) = P;. (Verifying that every member of P; is the derivative of
some member of P, is easy.) The rank of this derivative function is the
dimension of Pz, namely 4.

Ezample Projection m: R3 — R?

a = ()

is a linear map; the check is routine. The range space is Z(m) = R? because
given a vector w € R?

L fa

= ()

we can find a v € R® that maps to it, specifically any v with a first
component a and second component b. Thus the rank of 7t is 2.

In the book’s next section, on computing linear maps, we will do more
examples of determining the range space.



Many-to-one

In moving from isomorphisms to homomorphisms we dropped the
requirement that the maps be onto and one-to-one. But any homomorphism
h: V — W is onto its range space #(h), so dropping the onto condition has,
in a way, no effect on the range. It doesn’t allow any essentially new maps.



Many-to-one

In moving from isomorphisms to homomorphisms we dropped the
requirement that the maps be onto and one-to-one. But any homomorphism
h: V — W is onto its range space #(h), so dropping the onto condition has,
in a way, no effect on the range. It doesn’t allow any essentially new maps.

In contrast, consider the effect of dropping the one-to-one condition.
With that, an output vector w € W may have many associated inputs,
many V € V such that h(V) = w.

Recall that for any function h: V — W, the set of elements of V that
map to W € W is the inverse image h™' (W) = {V € V| h(V¥) = w}.

The structure of the inverse image sets will give us insight into the
definition of homomorphism.



Ezample Projection 7t: R*> — R onto the x axis is linear.

()
Y



Ezample Projection 7t: R*> — R onto the x axis is linear.

7 <X)):x
y

Here are some elements of 71! (2). Think of these as “2 vectors.”

—
0
—

Think of elements of 1 '(3) as “3 vectors.”

—
0
—

These elements of v (5) are “5 vectors.”

—
0
—



These drawings give us a way to make the definition of homomorphism
more concrete. Consider preservation of addition.

(i) + (V) = n(d +V

=

If 1 is such that 7(i#) = 2, and V is such that 7t(V) = 3, then # + V will be
such that the sum n(d + V) = 5.



These drawings give us a way to make the definition of homomorphism
more concrete. Consider preservation of addition.

() + (V) = (U + V)

If 1 is such that 7(i#) = 2, and V is such that 7t(V) = 3, then # + V will be
such that the sum 7t(t + V) = 5. That is, a “2 vector” plus a “3 vector” is a
“5 vector.” Red plus blue makes magenta.

v

A similar interpretation holds for preservation of scalar multiplication:
the image of an “r - 2 vector” is r times 2.



Ezample This function h: R? — R? is linear.
X X+y
(y) ~ (ZX + Zy)

1 . . .
Here are elements of h™!( < 2) ). (Only one inverse image element is shown

as a vector, most are indicated with dots.)

—

PR

5

Here are some elements of h™'( (1;)) and h~'( <2-5) ).



The way that the range space vectors add

B)+()-5)

is reflected in the domain: red plus blue makes magenta.



The way that the range space vectors add

B)+()-5)

is reflected in the domain: red plus blue makes magenta.

That is, preservation of addition is: h(V;) + h(V,) = h(V; + V).



Homomorphisms organize the domain

So the intuition is that a linear map organizes its domain into inverse
images,

;

such that those sets reflect the structure of the range.



Ezample Projection 7t: R3 — R? is a homomorphism.

X
o)~ ()
2 Y

Here we draw the range R? as the xy-plane inside of R3.

In the range the parallelogram shows a vector addition w; + W, = ws.



Ezample Projection 7t: R3 — R? is a homomorphism.
X

)]~ ()

2 Y

Here we draw the range R? as the xy-plane inside of R3.

In the range the parallelogram shows a vector addition w; + W, = ws.

The diagram shows some of the points in each inverse image 7' (W),
1 (W,), and w1 (W3).



Ezample Projection 7t: R3 — R? is a homomorphism.
X

)]~ ()

2 Y

Here we draw the range R? as the xy-plane inside of R3.

In the range the parallelogram shows a vector addition w; + W, = ws.
The diagram shows some of the points in each inverse image 7' (W),

1 (W;), and 71" (W3). The sum of a vector ¥; € w ' (W) and a vector

V, € w1 (W;) equals a vector V3 € m ! (W3). A W, vector plus a W, vector

equals a w3 vector.



This interpretation of the definition of homomorphism also holds when
the spaces are not ones that we can sketch.

Ezample Let h: P, — R? be

ax’ +bx+c— (E)

and consider these three members of the range such that wy +w; = w;3

w=() w- () w-()



This interpretation of the definition of homomorphism also holds when
the spaces are not ones that we can sketch.

Ezample Let h: P, — R? be

ax’ +bx+c— (E)

and consider these three members of the range such that wy +w; = w;3

w=() w- () w-()

The inverse image of Wy is h™' (W) = {a;x? + Ix+¢; | a1,¢c; € R}
Members of this set are “w; vectors.”



This interpretation of the definition of homomorphism also holds when
the spaces are not ones that we can sketch.

Ezample Let h: P, — R? be

ax’ +bx+c— (E)

and consider these three members of the range such that wy +w; = w;3

w=() w- () w-()

The inverse image of Wy is h™' (W) = {a;x? + Ix+¢; | a1,¢c; € R}
Members of this set are “w; vectors.” The inverse image of W, is
h=T(W,) ={a;x* — 1x+cz | az,ca € R}; these are “W, vectors.” The
“W3 vectors” are members of h™' (W3) = {a3x? + 0x +c3 | a3, c3 € R?}.



This interpretation of the definition of homomorphism also holds when
the spaces are not ones that we can sketch.

Ezample Let h: P, — R? be
> b
ax” +bx+c— b

and consider these three members of the range such that wy +w; = w;3

w=() w- () w-()

The inverse image of Wy is h™' (W) = {a;x? + Ix+¢; | a1,¢c; € R}
Members of this set are “w; vectors.” The inverse image of W, is
h=T(W,) ={a;x* — 1x+cz | az,ca € R}; these are “W, vectors.” The
“W3 vectors” are members of h™' (W3) = {a3x? + 0x +c3 | a3, c3 € R?}.

Any V; € h™1(W,) plus any v, € h™'(W,) equals a V3 € h~'(W3): a
quadratic with an x coefficient of 1 plus a quadratic with an x coefficient of
—1 equals a quadratic with an x coefficient of 0.



Null space

In each of those examples, the homomorphism h: V — W shows how to
view the domain V as organized into the inverse images h™' (W).

In the examples these inverse images are all the same, but shifted. So if
we describe one of them then we understand how the domain is divided.
Vector spaces have a distinguished element, 0. So we next consider the
inverse image h~"(0).



Lemma For any homomorphism the inverse image of a subspace of the
range is a subspace of the domain. In particular, the inverse image of the
trivial subspace of the range is a subspace of the domain.



Lemma For any homomorphism the inverse image of a subspace of the
range is a subspace of the domain. In particular, the inverse image of the
trivial subspace of the range is a subspace of the domain.

Proof Let h: V— W be a homomorphism and let S be a subspace of the
range space of h. Consider the inverse image of S. It is nonempty because it
contains 6\/, since h(6v) = 0w and Oy is an element of S as S is a subspace.
To finish we show that h—'(S) is closed under linear combinations. Let ¥;
and V, be two of its elements, so that h(V;) and h(V,) are elements of S.
Then ciV; + c>V, is an element of the inverse image h™'(S) because

h(c1Vy +cvh) = ¢c1h(Vi) + ¢ h(V,) is a member of S. QED



Definition ~ The null space or kernel of a linear map h: V — W is the
inverse image of 6W.

A (h) =h™(Ow) = {Ve V() = 0w}

The dimension of the null space is the map’s nullity.




Definition ~ The null space or kernel of a linear map h: V — W is the

inverse image of 6W.
A (M) =h"'(0w) ={V € V| h(¥) = 0w}

The dimension of the null space is the map’s nullity.

Note Strictly, the trivial subspace of the codomain is not GW, it is {6W 1
and so we may think to write the nullspace as h='({Ow }). But we have
defined the two sets h™' (W) and h~'({W}) to be equal and the first is easier

to write.



Ezample Consider the derivative d/dx: P, — P;. This is the nullspace;
note that it is a subset of the domain

A(d/dx) ={ax®? +bx+c|2ax+b =0}

(the ‘0’ there is the zero polynomial 0x 4+ 0). Now, 2ax + b = 0 if and only if
they have the same constant coefficient b = 0, the same x coefficient of

a =0, and the same coefficient of x?> (which gives no restriction). So this is
the nullspace, and the nullity is 1.

A(d/dx) ={ax’ +bx+c|a=0,b=0,ceR}={c|c € R}

Ezample The function h: R? — R! given by

(E) s 2a+b

has this null space and so its nullity is 1.

/(h):{(g) |2a+b:0}:{(41/2)b|be11@}



Ezample The homomorphism f: My, — R?

a b 'L> a+b
c d c+d

has this null space

mf)={(2 z> la+b=0andc+d=0}
(25 §)eaem

and a nullity of 2.
Ezample The dilation function d;: R* — R?

()~ ()

has .#(d3) ={0}. A trivial space has an empty basis so d3’s nullity is 0.



Rank plus nullity

Recall the example map h: R? — R?

()= (355

whose range space #(h) is the line y = 2x and whose domain is organized
into lines, .4 (h) is the line y = —x. There, an entire line’s worth of domain
vectors collapses to the single range point.

—

In moving from domain to range, this maps drops a dimension. We can
account for it by thinking that each output point absorbs a one-dimensional
set.



Theorem A linear map’s rank plus its nullity equals the dimension of its
domain.



A linear map’s rank plus its nullity equals the dimension of its

Theorem

domain.

Proof Let h: V — W be linear and let By = (ﬁl, ceey Ek) be a basis for
the null space. Expand that to a basis By = <E1,...,[§k, €k+1,...,6n> for
the entire domain, using Corollary Two.II1.2.12 . We shall show that

Br = (h( Brit)yeees h(ﬁn)) is a basis for the range space. Then counting the

size of the bases gives the result.



Theorem A linear map’s rank plus its nullity equals the dimension of its
domain.
Proof Let h: V — W be linear and let By = (ﬁ1,...,f§k) be a basis for
the null space. Expand that to a basis By = <E1,...,[§k, §k+1,...,6n> for
the entire domain, using Corollary Two.II1.2.12 . We shall show that
Br = (h( Brit)yeen, h(ﬁn)) is a basis for the range space. Then counting the
size of the bases gives the result.

To see that By is linearly independent, consider
Ow = Ck+1hg§k+1 JEEEE +Crlh(f§n)» We have Ow = h(cis1Bir1 + - +cnpBn)
and so Cx+1PBks1 + - -+ CnPn is in the null space of h. As By is a basis for
the null space there are scalars cy,...,cy satisfying this relationship.

6161+“'+Ckgkzck+1gk+1+”'+C“B’n

But this is an equation among members of By, which is a basis for V, so
each c; equals 0. Therefore By is linearly independent.



To show that Br spans the range space consider a member of the range
space h(V). Express V as a linear combination V = ¢y [31 4+ 4 cn(gn
of members of By. This gives h(¥) = h(c1B1 + - + cnfn) =
cih(fr) + ot CkhEB‘k) + i th(Breet) + - + cah(Bn)
and since 31, ..., Pk are in the null space, we have that
h(¥) =0+ -4+ 0+ iy 1h(Brs1) + - + cnh(Bn). Thus, h(V) is a linear
combination of members of By, and so Br spans the range space. QED



Ezample Projection m: R3 — R?

takes a 3-dimensional domain to a 2-dimensional range. Its null space is the
z-axis, so its nullity is 1.
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z-axis, so its nullity is 1.

This example shows the idea of the proof particularly clearly. Take the
basis By = (&3) for the null space.
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z-axis, so its nullity is 1.

This example shows the idea of the proof particularly clearly. Take the
basis By = (€3) for the null space. Expand that to the basis &; for the
entire domain.



Ezample Projection m: R3 — R?

takes a 3-dimensional domain to a 2-dimensional range. Its null space is the
z-axis, so its nullity is 1.

This example shows the idea of the proof particularly clearly. Take the
basis By = (€3) for the null space. Expand that to the basis &; for the
entire domain. On an input vector the action of 7 is

c1€7 + ¢8>, +¢c363 — 1€ +c8+0

and so the domain is organized by 7t into inverse images that are vertical
lines, one-dimensional sets like the null space.

.
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Ezample The derivative function d/dx: P, — P4
ax’ +bx+c—2a-x+b
has this range space
Z(d/dx) ={d-x+e|d,ec R} =P

(the linear polynomial dx + e € P; is the image of any antiderivative
(d/2)x* + ex + C, where C € R). This is its null space.

A (d/dx) ={0x> +0x+c|ceR}={c|ceR}

The rank is 2 while the nullity is 1, and they add to the domain’s
dimension 3.



Ezample The dilation function d3: R? — R?

a) 3a

b 3b
has range space R? and a trivial nullspace ./ (d;) = {0}. So its rank is 2
and its nullity is 0.



Ezample The dilation function d3: R? — R?

a) 3a

b 3b
has range space R? and a trivial nullspace ./ (d;) = {0}. So its rank is 2
and its nullity is 0.

The book’s next section is on computing linear maps, and we will
compute more null spaces there.



Lemma  Under a linear map, the image of a linearly dependent set is
linearly dependent.



Lemma  Under a linear map, the image of a linearly dependent set is
linearly dependent.

Proof Suppose that c1Vq + -+ + ¢V, = 0y with some c¢; nonzero. Apply
h to both sides: h(ciVi + -+ cnVn) = c1h(Vq) + -+ cnh(V,) and

h(0v) = Ow. Thus we have c;h(¥;) + - - - + cnh(Vs) = Ow with some c;
nonzero. QED



Lemma  Under a linear map, the image of a linearly dependent set is
linearly dependent.

Proof Suppose that c1Vq + -+ + ¢V, = 0y with some c¢; nonzero. Apply
h to both sides: h(ciVi + -+ cnVn) = c1h(Vq) + -+ cnh(V,) and

h(0v) = Ow. Thus we have c;h(¥;) + - - - + cnh(Vs) = Ow with some c;
nonzero. QED
Ezample The trace function Tr: My — R

a b
(c d) —a+d
is linear. This set of matrices is dependent.
1 0 0 1 2 1
=0 o) (6 o) (6 o)

The three matrices map to 1, 0, and 2 respectively. The set {1,0,2} C R is
linearly dependent.



A one-to-one homomorphism is an isomorphism

Theorem  Where V is an n-dimensional vector space, these are equivalent
statements about a linear map h: V— W.

(1) h is one-to-one

(2) h has an inverse from its range to its domain that is a linear map

(3) A (h) ={0}, that is, nullity(h) = 0

(4) rank(h) =n

(5) if (61,..., Sn> is a basis for V then (h(ﬁl),...,h(gn)) is a basis for

Z(h)



A one-to-one homomorphism is an isomorphism

Theorem  Where V is an n-dimensional vector space, these are equivalent
statements about a linear map h: V— W.
(1) h is one-to-one
(2) h has an inverse from its range to its domain that is a linear map
(3) A (h) ={0}, that is, nullity(h) = 0
(4) rank(h) =n
(5) if (61,..., Sn> is a basis for V then (h(ﬁl),...,h(gn)) is a basis for
Z(h)
Proof  We will first show that (1) <= (2). We will then show that
1) = @) = 4 = 6) = 2



For (1) = (2), suppose that the linear map h is one-to-one, and
therefore has an inverse h™': 2(h) — V. The domain of that inverse is the
range of h and thus a linear combination of two members of it has the form
c1h(v1) + cz2h(¥;). On that combination, the inverse h™! gives this.

h ' erh(V) 4 c2h(V) = h (h(ei v + cavh))
= h.il oh (C1\—;] + Czﬁz)
= C]\71 + C2\72
=ci-h'(h(¥)) +c2-h ' (h())
Thus if a linear map has an inverse then the inverse must be linear. But

this also gives the (2) = (1) implication, because the inverse itself must be
one-to-one.



For (1) = (2), suppose that the linear map h is one-to-one, and
therefore has an inverse h™': 2(h) — V. The domain of that inverse is the
range of h and thus a linear combination of two members of it has the form
c1h(v1) + cz2h(¥;). On that combination, the inverse h™! gives this.

h™'(cih(¥) 4 c2h(V2)) = h T (h(c1Vy + c2¥s))
=h"Toh (c;¥; + cas)
=1V + ¢V
=ci-h'(h(¥)) +c2-h ' (h())

Thus if a linear map has an inverse then the inverse must be linear. But
this also gives the (2) = (1) implication, because the inverse itself must be
one-to-one.

Of the remaining 1mp11cat10ns (1) = (3) holds because any
homomorphism maps Oy to OW, but a one-to-one map sends at most one
member of V to OW.

Next, (3) = (4) is true since rank plus nullity equals the dimension of
the domain.



For (4) = (5), to show that (h([g] )y .- .,h(gn)) is a basis for the range
space we need only show that it is a spanning set, because by assumption
the range has dimension n. Consider h(V) € Z(h). Expressing V as a linear
combination of basis elements produces h(¥) = h(cif1 +c2P2+ -+ Cnfn),
which gives that h(¥) = ¢;h(B1) + - - - 4+ cnh(Bn), as desired. QED



Transformations of R?



Lines go to lines

In a real space R™ a line through the origin is a set {r-V|r € R} of
multiples of a nonzero vector.

Consider a transformation t: R™ — R™. It is linear and so t’s action
P TJ LI t(V)

sends members of the line {r-V|r € R} in the domain to members of the
line {s - t(V) | s € R} in the codomain.

Thus, under a transformation, lines through the origin map to lines
through the origin. Further, the action of t is determined by its effect t(V)
on any nonzero element of the domain line.



Ezample Consider the line y = 2x in the plane

{r- (;) |reR}
X x + 3y
(y) H (ZX+4U)

The map’s effect on any vector in the line is easy to compute.

e C) - (170)

The linear map property t(r - V) = r - t(V) imposes a uniformity on t’s
action: t has twice the effect on 2V, three times the effect on 3V, etc.

4 20 —6 —30 2r 10r
In short: the action of t on any nonzero v determines its action on any
other vector 1V in the line [{V}].

and this transformation.



Pick one, any one

Every plane vector is in some line through the origin so to understand
what t: R? — R? does to plane elements it suffices to understand what it
does to lines through the origin.



Pick one, any one

Every plane vector is in some line through the origin so to understand
what t: R? — R? does to plane elements it suffices to understand what it
does to lines through the origin. By the prior slide, to understand what t
does to a line through the origin it suffices to understand what it does to a
single nonzero vector in that line.



Pick one, any one

Every plane vector is in some line through the origin so to understand
what t: R? — R? does to plane elements it suffices to understand what it
does to lines through the origin. By the prior slide, to understand what t
does to a line through the origin it suffices to understand what it does to a
single nonzero vector in that line.

So one way to understand a transformation’s action is to take a set
containing one nonzero vector from each line through the origin, and
describe where the transformation maps the elements of that set.

A natural set with one nonzero element from each line through the
origin is the upper half unit circle (we will explain the colors below).

15|
1=
X cos(t)
{ = l0<t<m} 05t
y sin(t) \
-1{5 -1 »01,5 0f5 1 1?5
0.5 |



Dilate x
Ezample The map
G)-G)
'_>
Y Yy
doubles the first coordinate while keeping the second coordinate constant.
This shows the transformation of the upper half circle.

2 b 2 b
15F 15 F
- 1
0.5 F — 05
1 ‘ 1 1 1 \
2 1 2 2 1 1 2
0.5 F 05 F
1F 1fF




Reverse orientation

Ezample Here we dilate by a negative.

()~ ()

'_)

Y Yy

The transformation of the upper half circle shows why we used the colors.
In the domain they are, taken counterclockwise, red, orange, yellow, green,

blue, indigo, violet. In the codomain, again taken counterclockwise, they do
the opposite.

2 F 2 F
15 F 15F
- 1
05 F — 0.5—\

1 ‘ 1 1 ' 1
-2 -1 1 2 -2 -1 1 2
0.5 | -0.5
1F 1F




Combine dilations
Ezample Here we dilate both x and y.
X —x
(y) ~ (39)
Again the color order reverses, in addition to the stretching along the
y axis.

The two dilations combine independently in that the first coordinate of the
output uses only x and the second coordinate of the output uses only y.



Skew

Ezample Next is a map with an output coordinate affected by both x

and y.
(x) = (x + Zy>
Y Y

2 2

15 E 15

2 1

ﬁ E — 0.5
1 1 1 1 l/ 1 1
2 1 2 3 2 1 1 2 3

-0.5 05

1 E -1 E

On the x axis, where y = 0, the output’s first coordinate is the same as the
input’s first coordinate. However as we move away from the x axis the y’s
get larger, and the first coordinate of the output is increasingly affected.
(One definition of skew is: having an oblique direction or position;

slanting.)



Skew the other way

Ezample We can flip which output coordinate is affected by both x and y.

()~ ()

2f 2F /0
/
f« 1rF
| \\i 1 | — | | / | 1 |
-2 -1 1 2 3 -2 1 1 2 3
1 1
2 2

In addition to dilation we see clear rotation, for instance of the red input
vector.



Same idea but with a smaller effect

()7 ()
y (1/2)x+y

Ezxample

2 2k
= 1L
\ / \

1 i 1 H 1 1 1 1
2 1 1 2 2 ! 1 2
1f 1F
2L 2k

Observe that the rotation is not even. A red vector is rotated quite a bit
but a green vector, near the y axis, is not rotated much. And right on the
y-axis the vector is not rotated at all.



Pure roation

Ezample This rotates every vector counterclockwise through the angle 0.

X cos(0) - x —sin(0) - y
(y) — (cos(e) -x + sin(0) ~y)

In this picture 0 = 7t/6.

2| 2 b
. 1.
[ (1>
1 \ 1 % 1 1 1
2 1 1 2 2 \ 1 2
K= 1E
2 2F




Projection

Ezample Maps can lose a dimension.

G)

The output is one-dimensional.




Ezxample The map may project the input vector to a line that is not an

()~ (&)

The two-dimensional input is sent to an output that is one-dimensional.




A generic map

Ezample An arbitrary map

AR x+ 2y
y 3x +4y

may have an action that is a mixture of the effects shown above.

6 [ 6
]
a4l 4—/
2+ 2+
—
~

..J..J....C.........L....J........J........J.L el
-2 -1 1 2 3 4 -2 -1 1 2 3 4

This shows dilation, rotation, and orientation reversal.
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